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Let H be a hyperbolic plane, r be a co-finite discrete group acting on H. There 
is a well-known theorem of Selberg. If TC PSL(2, Z) is a congruence subgroup 
then r is essentially cuspidal. That is. 
Here N,-(i) is the distribution function for the discrete spectrum of the 
automorphic Laplacian A(T). In a paper we give an infinite series of examples of 
noncongruence subgroups of PSL(2, Z) which are essentially cuspidal. 0 1990 
Academic Press, Inc. 
In the report [l], Sarnak gave a natural definition for an essentially 
cuspidal (e.c.) discrete group acting on a symmetric space of non-compact 
type. For convenience, we recall this definition below in a special case of 
Fuchsian groups important for the aims of this paper. Sarnak stated the 
following conjecture: r is e.c. iff r is arithmetic. The earlier results of 
different authors (Selberg, in main) concerning congruence subgroups (see 
Bibliography in Cl]’ and also the report [23) gave support for this very 
strong general conjecture. Here the question is on the support for the 
assertion: r is arithmetic *r is essentially cuspidal. 
In [3] Efrat proved that the known noncongruence subgroup of 
SL(2, C) lying in the kernel of a Kubota symbol is e.c. He emphasized, as 
well, that this example is the first in the list of known e.c. noncongruence 
subgroup. Not worrying about priority, it is worth noting that in [2] it 
was indicated that any cycloid subgroup of PSL(2, H) is e.c. As it follows 
’ [ 1 ] contains a wrong reference to my paper on page 398. The true reference is as follows: 
“On the Selberg trace formula for SL(3, Z),” J. Soviet Math. 12 (1979), 384424. 
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from the classical results of Petersson, this gives therefore an infinite series 
of examples of e.c. noncongruence subgroups of PSL(2, Z). Because of 
evidence of the fact that any cycloid subgroup is e.c., we did not publish it 
earlier. We now give the proof of this assertion here in a modified form 
which enables one to construct other infinite sets of e.c. noncongruence 
subgroups of PSL(2, Z), as well. In certain cases these examples are effec- 
tive in the sense that one can indicate corresponding modular equations. 
All these examples are based on the following simple idea. If a co-finite 
group and its subgroup of finite index have the same number of cusps, then 
their automorphic scattering matrices are in essence similar. Then, one 
should make use of the Selberg trace formula and classical ideas which go 
back to Klein and Fricke, picking up special noncongruence subgroups. 
We now proceed to making rigorous definitions and formulating results. 
Let H be a hyperbolic plane realized as the upper halfplane of @, H= 
{z E C, z = x + iv 1 y = Im z > 0} with the Poincart metric ds2 = (dx’ + 
dy’) y-*; let A = y2(a2/dx2 + a’/~?~~) bethe Laplace operator of the metric 
ds2. Further let r be a Fuchsian group of the first kind acting on H. We 
define, as usual, an automorphic Laplacian A(T) in the Hilbert space of 
complex-valued r-automorphic functions f with finite norm 
Ilfll’= ?*, If(z 44) < ~0, 
where F is the fundamental domain of the group r in H, dp is the Riemann 
measure on H defined by the metric ds2. A(T) is defined on smooth 
automorphic functions f~ L,(F) by the formula A(T) f = -Af and next is 
closed to self-adjoint operator in L,(F). 
Thus, for a given Fuchsian group of the first kind the operator A(T) is 
self-adjoint and non-negative. It is well known that it may have a 
continuous spectrum of finite multiplicity on the semi-axis [i, co), which 
is defined by the number of cusps of r, and a discrete spectrum of finite 
multiplicity 3Lj~ [0, 00). For a co-compact r, the operator A(T) has only a 
discrete spectrum, and it satisfies the Weyl’s asymptotic law 
where N,(2) is the distribution function for the discrete spectrum, IFI is the 
d,u-volume of F on H. If to suppose that F is non-cocompact, but IFI < w 
(r is co-finite), then formula (1) is generalized by the following 
Weyl-Selberg formula 
N,(E.)+M,(+$, A-+ W, (2) 
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where 
MI-(~)= -iTT$(k+if)dr, - 
T2+$, 
and cp(i + it) = (p,($ + it) is the determinant of the automorphic scattering 
matrix on the continuous spectrum (see [46]). 
After Sarnak we shall call a co-finite group r essentially cuspidal (e.c.) 
if r satisfies (2) along with (1). The following assertion is well known. 
LEMMA 1. Any congruence subgroup of Tz (r, included) is e.c., 
rz = PSL(~, z). 
We give now several useful standard definitions and introduce some 
notation. The Fuchsian group of the first kind is characterized by condition 
of finiteness IFI < co. This is a finitely generated discrete subgroup of the 
group PSL(2, R). The group r is determined by the following generators: 
A,, Aa, . . . . A,, B,, B,, . . . . B, 
v, > v2, . . . . v, 
E, > 61, . . . . E, 





E”j=E;2= . . . =ET=l 
1 
(From now on we suppose that h 2 1 what means co-finiteness of r). By 
definition, r has in this case signature (g, n,, n2, . . . . n,; h). 
Some special subgroups of finite index in general co-finite group r which 
we shall call generalized cycloid will be of interest. We recall that a sub- 
group of the modular group Tz = PSL(2, B) with (2, fii, ii,, . . . . iiR; 1) is 
called a cycloid subgroup Z? The cycloid subgroups were carefully studied 
by Petersson and were investigated by other authors, as well (see [7, 81). 
In the spectral theory of automorphic functions they play an important 
role. Just in the class of cycloid subgroups it is easy to find the examples 
of ec. noncongruence subgroup of r+. In addition, for some of them one 
succeeds in proving existence of small eigenvalues of automorphic 
Laplacians which are not the poles of Eisenstein series (see [9]). 
For the group r with the set of generators (3) and signature 
k, nl? . . . . nk; h) we shall call a subgroup fc r of finite index d = [r: f] 
with signature (g, fii, . . . . fir; R) generalized cycloid if t$ = h. The question 
concerning existence of these subgroups will be discussed at the end of the 
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paper, and now we give here the main spectral theorem. The theorem was 
published in [lo], but since this journal is not broadly available we repeat 
it here. 
THEOREM 1. For the distribution function for discrete spectrum of A(f) 
the following asymptotic formula is valid 
where f is a generalized cycloid subgroup of index d in IY 
Proof Compare systems of Eisenstein series for the groups r and I’. 
For Re s > 1 we have 
E,(z, s) = C Im” (G; ‘yz), B,(z, s) = C Im” (B;‘yz), 
YE rrl\r YGfU\f 
1 6 CI <h. We introduce the following notation. Let zi, . . . . z,, denote the 
essential cusps for F. From the definition of P it follows that one can con- 
sider them as the essential cusps for fl, as well. Then we have for 1 f c1 d h, 
rx= {YW yzz=zl), c%- Q, = rz 
f, = {y E f 1 yz, = z,}, 8;Ya6,=r,. 
To is generated by z -+ z + 1, z E H. It is evident that f, is a subgroup of 
TM. Let ya be a generator of the group r,, 3, be a generator of f,, then 
there exists k, E Z + such that y”, = y, . knIt is not hard to see that there exists 
pa E PSL(2, [w) such that o1 = B,p, and p,z = k; ‘z for any z E H. 
For Eisenstein series mentioned above there are well known the Fourier 
expansions relative to the subgroups r, and P,, respectively. Here we 
restrict ourselves only to indicating the constant terms containing the 
elements of the scattering matrix and defining the asymptotic behaviour of 
Eisenstein series at the cusps. We have 
E,(a~z,s)=6,~YS+‘P,p(s)Y1-S+o(l) y-00 
&(Bpz, s) = 6,, y” + q5,a(S) y1-S + o( 1) 
(4) 
Y-+W 
where 6,, is the Kronecker symbol, and for z E H, y = Im z. 
We note that each difference 
&(z, s) - E,(z, s) k,” 
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is for Re s > I-automorphic bounded on fl, eigenfunction of a differential 
operator of metric d. In virtue of self-adjointness of the automorphic 
Laplacian A(f) these differences are identically zero, 1 < a 6 h. Hence and 
again from (4), we obtain an important relation between the scattering 
matrices 
and, therefore, between their determinants 
(5) 
To obtain from (5) the desired assertion of the theorem, it suffices to use 
the Weyl-Selberg formula (2) for r and l? The proof is complete. 
From Lemma 1 and Theorem 1 we have an immediate consequence. 
THEOREM 2. Let r be an arbitrary congruence subgroup of Tr (f may 
coincide with I’,), then any its generalized cycloid subgroup is e.c. 
Theorem 2 allows one to construct the desired examples of e.c. non- 
congruence subgroup. 
LEMMA 2. (H. Petersson, see [7, 81). There exist infinitely many cycloid 
noncongruence subgroups. 
If one desires, more effective examples of cycloid noncongruence sub- 
groups can be given. It was done in the paper of Atkin and Swinnerton- 
Dyer [ 1 I]. The following theorem is the source for this. 
THEOREM 3 (Klein-Fricke). The function f(z) is a modular function of a 
subgroup of finite index in TZ i&f f(z) is the algebraic function j(z) with the 
only branch points of order 2 at the point corresponding to j = 1728 and of 
order 3 at j = 0, and with the branch point at j = co. Here j(z) is Hauptmodul 
j(z) = e- 2niz + 744 + 196884e*“‘” + . . 
We shall not give here the examples of corresponding modular equa- 
tions, and refer the reader to [ 111. We restrict ourselves to indicating the 
infinite set of generalized cycloid noncongruence subgroups for the group 
row). 
Consider the classical q-function of Dedekind, 
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It is well known that for N = 2, 3, 5, 7, 13 the function 
f= f,,(N), 
is analogous to Hauptmodul. In particular, for N = 13 we consider the 
function 
For any m E Z, m > 1 this function is also the analogue of Hauptmodul and 
defines a noncongruence subgroup of genus zero which is generalized 
cycloid for r,(13), since the number of its cups is always equal to two. 
The number of examples can be continued. Concluding the paper, we 
shall limit ourselves to a general reasoning. What can one say of existence 
of generalized cycloid subgroup of a given congruence subgroup? This 
question is a special case of the general problem on existence of a subgroup 
of finite index with a given signature. As far as we know, in the general case 
this problem is unsolved, since it is closely connected with the known 
problem of Hurwitz on realizability of branched coverings of surfaces. 
Recall one of the possible approaches to solving this problem (see [ 121). 
Let r have signature (g, n,, . . . . n k; h) and PC r, [r:P’] =d. It is well 
known that the two signatures are connected by the Riemann-Hurwitz 
relation 
2g-2+h+ ; (1 -l/fij)=d 2g-2+h+ i (1-l/nj) 1 (6) j= I ,=I 
what is equivalent to the equality 
according to the Gauss-Bonnet formula. 
Together with relation (6) the natural inequalities 
(in our case R = h) and the following divisibility condition: each fij divides 
some of ni are valid. Let ii, . . . . fir be the maximal set of different rIj and each 
$q occur b, times, where 1 <q < 1. We set 
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Consider the Diophantine system of equations for x,, E Z + , 
7 EiqXq = bq 
1 A,,x,=d. 
(8) 
Solvability of system (8) along with relations (5) and (6) turn out to be 
(see [ 12)) necessary and sufficient conditions for existence in r of a sub- 
group f with the mentioned signature and index. In many cases solvability 
of (8) is fulfilled automatically, and the Riemann-Hurwitz relation proves 
to be determining. For such congruence group r, existence of an infinite 
number of generalized cycloid subgroups f follows immediately. It is very 
natural to expect that the vast majority of these subgroups f will be 
noncongruence subgroups. 
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